We investigate theoretically the possibility of using the cold-electron bolometer (CEB) as a counter for 1 cm wavelength (30 GHz) photons. To reduce the flux of photons from the environment, which interact with the detector, the bath temperature is assumed to be below 50 mK. At such temperatures, the time interval between two subsequent photons of 30 GHz that hit the detector is more than 100 hours, on average, for a frequency window of 1 MHz. Such temperatures allow the observation of the physically significant photons produced in rare events, like the axions conversion (or Primakoff conversion) in magnetic field. We present the general formalism for the detector's response and noise, together with numerical calculations for proper experimental setups. We observe that the current-biased regime is favorable, due to lower noise, and allows for the photons counting at least below 50 mK. For the experimental setups investigated here, the voltage-biased CEBs may also work as photons counters, but with less accuracy and eventually at bath temperatures below 40 mK. The voltage-biased setups also require smaller volumes of the normal metal island of the detector.
I. INTRODUCTION
The search for axions [1] [2] [3] [4] has intensified lately, since they became good candidates for the dark matter in the Universe (see [5] and citations therein). Due to their extremely weak coupling to other massive particles, they are difficult to detect, but they may be converted into photons in intense magnetic fields. 6 The photons may be detected, but they may have low energies (eventually, of the order of 100 µeV) and low flux (one photon in a few hours), 5 so their detection should be attempted with extreme care. For the extreme requirements of axion detection, good candidates for photon counters are devices based on Josephson junctions. 7, 8 Another option is the capacitively coupled cold-electron bolometer (CEB), [9] [10] [11] based on the cooling ability of normal metal-insulatorsuperconductor (NIS) tunnel junctions 12, 13 and on capacitive coupling to the antenna.
14 Besides high sensitivity and wide dynamic range, CEBs demonstrate immunity to cosmic rays, due to the tiny volume of the absorber and decoupling of the phonon and electron subsystems. 15 Counters based on Josephson junctions are under intense investigations (see for example [16] [17] [18] [19] and citations therein). In this paper we shall investigate the possibility of using the CEB as a low energy photon counter.
The CEB is a symmetric SINIS (superconductorinsulator-normal metal-insulator-superconductor) structure, 13 which is capacitively coupled to an antenna, 20 which captures the photons, as we used for example in Ref. [21] . The SINIS structure acts as both, cooler and thermometer for the normal metal island. When a photon is captured by the antenna and its energy is dissipated in the normal metal island, the electronic temperature of the island increases. This increase in temperature is measured by the SINIS structure and the photon is detected.
In order to be able to identify photons generated by axions decay, the temperature of the environment should be low enough, so that the rate of "fake events" (due to photons from the environment hitting the detector) is much smaller than the rate of the "real events" (due to photons produced by axions). If we denote by N ph (δω) the volume density of the photons from the environment in the narrow frequency window δω, which includes the frequency ω, then
where β ≡ 1/(k B T ), k B is the Boltzmann's constant, and T is the bath (environment) temperature-in Eq.
(1) we took into account the two photon polarizations. From Eq. (1) we obtain the flux of photons on the unit area of the detector's surface,
(2) For photons of wavelength of the order of 1 cm (30 GHz frequency), the area of the detector plus antenna is of the order of A 0 = 1 cm 2 . The estimation of the average number of photon hits on the detector in the time interval t 0 = 1 hour and in a unit frequency window of 1 Hz is N 0 (ν) = A 0 t 0 φ(2πν), where ν ≡ ω/(2π). In Fig. 1 we show the contour plot of log 10 [N 0 (ν)δν], for a typical bandwidth of δν = 1 MHz. We observe that for a photon of 30 GHz we have, on average, one photon hit in more than 100 hours, if the temperature of the environment is 50 mK. This allows enough room for an accurate detection of photons generated by axions decay.
The paper is organized as follows.
In the next section we analyze the response of the CEB, namely the temperature increase due to the photon absorption and the reequilibration time-which is the time constant with which the device cools down, after the photon absorption. In -172 -170 -168 -166 -164 -162 -160 -158   -156  -154  -152  -150  -148  -146  -14 4  -14 2  -14 0  -13 8  -13 6  -13 4  -13 2  -13 0  -12 8  -12 6  -12 4  -12 2  -12 0  -11 8  -11 6   -11 4  -11 Section III we calculate the noise in the system, to see if the signal produced by the photon can be observed. In Section IV we draw the conclusions.
While in the main body of the paper, the calculations are done for a volume of the normal metal Ω = 0.01 µm 3 , in the Appendix we present the main results for Ω = 0.1 µm 3 , to emphasize the flexibility that exists in the construction of the device and its limitations.
II. RESPONSE OF THE COLD ELECTRON BOLOMETER
The cross section of the central part of the detector is shown schematically in Fig. 2 (see, for example, Refs. [13, [21] [22] [23] [24] ). The superconducting antenna is coupled to the normal metal island by two normal metalinsulator-superconductor (NIS) tunnel junctions, forming the SINIS (symmetric) structure. The whole detector is deposited on an insulating support. The thicknesses of the metallic layers (normal metal and superconductor) are 10 to 20 nm. When a photon, absorbed in the antenna, dissipates its energy into the normal metal island, the heat diffuses in the normal metal in the characteristic time
, where L is the linear dimension of the normal metal and D is the electrons' diffusion constant. For typical values, L ∼ 1 µm and D = 10 −4 m 2 s −1 , we obtain τ d ∼ 1 ns, 21 which sets the lower limit for the detection time.
At working temperatures, which are below 100 mK, the electron system in the normal metal is very weakly coupled to the phonons system. [25] [26] [27] [28] This allows for the
The schematic drawing of the cross section of the SINIS structure. The superconductor that forms the antenna (blue) is separated from the normal metal (yellow) by an insulating layer (thick black line). The whole structure is deposited on an insulating support.
independent thermalization of the electrons system, at temperature T e , and of the phonons system, at temperature T ph . Then, the heat power between the electrons system and phonons system may be written in general aṡ
where Σ ep is the coupling constant, Ω is the volume of the normal metal, and the exponent x depends on the model and the dimensionality of the phonons system (in our case, x may take values between 3.5 and 5). [25] [26] [27] [28] [29] Since the heat power exchanged between electrons and phonons is low, we shall assume in general that T ph is equal to the heat bath temperature T b .
In the absence of photons, the electrons equilibrate at temperature T e1 , determined by the balance between the heat exchanged with the phonons (Eq. 3) and the heat extracted from the normal metal into the superconductor, through the two NIS junctions (Eq. 7b below). When a photon is absorbed, its energy is dissipated into the electrons system of the normal metal, increasing its temperature to T e2 . In the low temperature limit, the internal energy of the electron system is in general proportional to T 2 e 30 and to the volume, so we may write
For concrete systems, C e is either a fitting parameter or is determined by the theoretical model. For simplicity, we take the value corresponding to an ideal gas, namely
where ǫ F is the Fermi energy of the electrons, m e is the electron's mass, k B is the Boltzmann's constant, and is the reduced Plank's constant. Therefore, if we denote by ω f the angular frequency of the photon, using Eq. (4) we can write the equation
where ǫ f = ω f is the energy of the photon. The heat and charge transport through the NIS junctions have been extensively studied in the past (for example, see Refs. [12, 13, 23, 24, [31] [32] [33] [34] [35] ). We shall assume that the junctions are identical, of normal resistance R T , and they are biased with exactly opposite voltages, V and −V . If the tunneling resistance is big enough, Andreev reflection does not occur and particles and energy are transported by quasiparticle tunneling. We define, like in Refs. [34 and 35] , four tunneling currents,
where ∆ and ǫ(≥ ∆) are the energy gap and the quasiparticle energy in the superconductor, respectively, whereas g(ǫ) ≡ ǫ/ √ ǫ 2 − ∆ 2 is proportional to the quasiparticle density of states (for a detailed description of the currents 6, see [34] ). By T s we denoted the quasiparticles' temperature in the superconductor and, because of the low heat power exchanged between the normal metal and the superconductor, we assume that T s = T b . Using Eqs. (6), the electrical current and the heat current through an NIS junction are 34, 35 
respectively. I J andQ J are positive when the current and heat, respectively, flows from the electrons of the normal metal into the superconductor. The equilibrium temperature of the electron system is obtain by equating the total powerQ T (T e , T b ) ≡Q ep (T e , T b ) + 2Q J (T e , T b )) to zero (the factor 2 appears because we have two NIS junctions attached to the normal metal, namelẏ
Equation (8) represents the heat balance equation for our system. We consider that the normal metal is Cu and the superconductor is Al. In Fig. 3 we plot the solutions of Eq. (8), forQ ep given by Eq. (3), with x = 5 and Σ ep = 4 × 10 9 Wm −3 K −513 . The tunneling resistance is R T = 35 kΩ for each of the two NIS junctions, the volume Ω = 0.01 µm 3 , and the energy gap in the superconducting Al is ∆ = 0.2 meV. 36 We shall use these numerical values throughout the paper, except for the Appendix. To emphasize the dependence of these results on the volume Ω, in the Appendix we shall plot the results of the same calculations, but with Ω = 0.1 µm 3 . We use the experimental values x = 5 and Σ ep = 4 × 10 9 Wm −3 K −513 instead of theoretical ones, calculated more recently, because the values existing in the literature (both, theoretical and experimental) vary significantly from model to model and from sample to sample (see the diversity of results presented, for example, in Refs. [13, [25] [26] [27] [37] [38] [39] [40] [41] [42] [43] ). For this reason we give priority to the measured parameters, in order to make more realistic calculations. In Fig. 4 we plot the temperature increase ∆T e ≡ T e2 − T e1 due to the absorption of a 1 cm wavelength photon. This temperature change leads to an increase of the current (at voltage-bias), as shown in Fig. 5 , or a decrease of the voltage (at current-bias), as shown in Fig. 6 . The photon can be detected if the variation of the measured quantity, I J or V , is bigger than the noise (i.e. the mean square fluctuation of the measured quantity) that we shall calculate in Section III.
A. Detector re-equilibration
We calculate the re-equilibration time of the detector, τ , which sets the time scale in which the temperature returns to the initial value after the photon absorption. Let's say that at time t = 0, the temperature of the electrons in the normal metal is varied by ∆T e (0) ≡ T e2 − T e1 , after which they cool back to T e1 . If ∆T e (0) ≪ T e1 , then we can assume an exponential time dependence,
where, from the expression ofQ T , we obtain
in obvious notations. From Eqs. (7b) and (3) we obtain
where C V ≡ C V (T e ) is the heat capacity of the electron system in the normal metal. The dependence of τ on the bath temperature and bias voltage is plotted in Fig. 7 for Ω = 0.01 µm 3 (b). Nevertheless, in our case the temperature variation due to the photon absorption is comparable or bigger than T e1 , so Eqs. (9) give only the order of magnitude of the time required for the detector to re-equilibrate. The time variation of the temperature in the general case is given by the formula In Fig. 8 we show the time evolution of the temperature difference ∆T e (t) for a few representative values of T b and bias voltages or currents. We observe that, in accordance to the results plotted in Fig. 7 , the relaxation time for Ω = 0.01 µm 3 is of the order of a few tens of nanoseconds. We also observe that the relaxation time may depend strongly on the type of bias used (current-or voltagebias), especially at low temperatures.
III. NOISE
If the junctions are voltage-biased, the measured quantity is the current and the spectral density of its fluctuation is
where the angular brackets · denote averages, δI J (ω) and δT e (ω) are the Fourier transforms of the noise in current and temperature, respectively, whereas δI J,shot (ω) is the Fourier transform of the current shot noise. The spectral density of the voltage fluctuation is
From Eqs. (11) we may calculate the total fluctuation of current and voltage as
where we took into account that |δI
But the integrals in (12) are divergent and therefore they do not represent the physically measured quantities (the shot noise, for example, is "white", i.e. |δI J (ω)| 2 is constant). Physically, the noise may be filtered in a band [ω max , ω min ], whereas the readout system may have a delay τ c , which introduces a cutoff. Due to the cutoff τ c , the measured quantity M m (t)-which is a function of t-follows the real quantity M (t) with a delay, leading to the equation
In Fig. 9 we plot the time dependence of the current (at voltage-bias) and voltage (at current-bias), for the same cases as in Fig. 8 , without taking into account the noise. We observe that the measured current or voltage first increases abruptly (with the time constant τ c ) and then decreases as the temperature of the normal metal decreases to the equilibrium value, as shown in Fig. 8 . Since the relaxation time for Ω = 0.01 µm 3 is of the order of tens of nanoseconds, in the following we shall consider τ c = 1 ns (of the same order as the diffusion time) in all the numerical calculations. We observe that the signal (the maximum value of the measured quantity) is slightly smaller than the actual jump in current or voltage produced by the photon absorption (at T e2 ) and depends on τ c -the smaller τ c , the higher the signal. On the other hand, we shall see below that the noise in current is inversely proportional to τ c , so this quantity has to be optimized to improve detection at voltage-bias.
The filtering band, together to the delay time τ c , leads to the total measured fluctuations of I J and V ,
We see that the relaxation time τ and the delay time τ c impose "filtering" limits, even in the absence of ω min and ω max . For example, the noise of frequencies much lower than the inverse of the relaxation time τ do not influence the measurement because it does not influence the visibility of the pulse in the measured quantity, I J or V . Similarly, we observe that due to τ c , even in the absence of ω max , the integrals (14) are convergent.
The spectral density of the current shot noise through the two NIS junctions is 21, 35, 44 
and is independent of ω. Plugging this into Eq. (14b) and using (11b), we get
If ω min τ c ≪ 1 and ω max τ c ≫ 1, Eq. (16) may be simplified to
If from the expression (11a) for the current fluctuation we take only the first term on the right hand side, which is the direct contribution of the current shot noise, we obtain an estimation of the total current fluctuation,
We observe from Eqs. (17) and (18) that whereas the voltage noise depends on our (subjective) choice of ω min but is not directly influenced by τ c , the current noise is inversely proportional to τ c but is not influenced by the frequencies ω min and ω max .
In Fig. 10 we plot the current noise, divided by the current pulse (as exemplified in Fig. 9 a) . This ratio should be below 1, to ensure that the pulse may be observed. We observe that the photon counter could eventually function at voltage-bias, in the low temperature limit, around 30 mK.
The situation is better for current-biased measurements. In Fig. 11 we plot the voltage noise divided by the voltage pulse (see Fig. 9 b) , using ω min = 1/(10τ ) (i.e. we consider that noise of frequencies lower than 1/(10τ ) do not obstruct the observation of the voltage signal), where τ is plotted in Fig. 7 for the same values of V and T b . We see that if Ω = 0.01 µm 3 , the detector permits the counting of 1 cm wavelength photons in the whole temperature range analyzed, i.e. from 30 to 50 mK.
IV. CONCLUSIONS
We investigated the possibility of using the cold electron bolometer (CEB) as a counter for photons of wavelengths up to 1 cm. The CEB consists of a normal metal island, coupled to the superconducting antenna by two symmetric normal metal-insulator-superconductor (NIS) tunnel junctions, realizing the so called SINIS structure (see Fig. 2 ). We presented the general formalism and the numerical calculations, for a bath temperature (T b ) range from 30 mK to 50 mK. In this temperature range, the flux of 1 cm wavelength photons which hit the detector, coming from the environment, is less than 1 photon in 100 hours (see Fig. 1 ). This makes the detector suitable for counting low energy photons generated by rare events.
We investigated both, the voltage-biased setup-when the measured quantity is the current-and the currentbiased setup-when the measured quantity is the voltage (see Figs. 3-6) . We compared the response of the detector (shown in Figs. 8 and 9 ) with the fluctuation of the measured quantity (see Figs. 10-13) .
Due to the intrinsic shot noise of the current, the voltage-bias setup is more noisy than the current-bias setup. For a volume Ω = 0.01 µm 3 , both, current-biased and voltage-biased CEB's may detect 1 cm wavelength photons, but the current-biased detectors are more accurate. The signal (due to photon absorption) is bigger than the noise in the current-biased CEB for the whole temperature range investigated (see Fig. 10 ) whereas for the voltage-biased CEB's, the signal is bigger than the noise only in part of the parameters range, as can be seen in Fig. 11 .
If the volume of the normal metal island is Ω = 0.1 µm 3 , in the temperature range investigated, the noise in current in the voltage-biased setup is bigger than the current pulse due to the photon absorption (see Fig. 12 ). Therefore, the counter cannot detect the photon. On the other hand, in the current-biased setup, the counter may work, since the voltage pulse produced by the photon absorption is bigger than the noise, at least in some ranges of the parameters, as seen in Fig. 13 . 
